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Parabolic Anderson model

{B,u(z,x) = 102u(t,x) + u(t,x) £(t ),
u(0,) =1,

where £ denotes space-time white noise.

t>0,xeR,

(PAM)
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Parabolic Anderson model

(PAM)

Duut,x) = L0t x) + u(t, ) E(1, %), 1> 0,x ER,
u(07') =1,

where £ denotes space-time white noise.

@ Integral equation
1
e =14 [ [ pse=uts ) elasa),
0 JR

with p(x) = (2m)~1/2e=¥*/ (1)
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Parabolic Anderson model

(PAM)

duut,x) = L0t x) + u(t, ) E, ), 1> 0,x€ER,
u(0,) =1,

where £ denotes space-time white noise.

@ Integral equation

=1+ [ ’ [ = uts ) s,

with p(x) = (2m)~1/2e=¥*/ (1)

@ Conus-Joseph-Khoshnevisan-2013: there exist positive constants ¢, ¢, such that a.s.

maxo< <y logu(t,x) _ maxo< <y logu(r, x)
== < lim sup == < G.
(log N)?/3 N—oo (log N)2/3

¢y < liminf
N—oo
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Localization

r) =1+ [ [ o= uts ) asa).
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Localization

t
e =1+ [ [ o= sutsn) asa).
0
@ Fix 3> 0. Let {U®)(r,x) : t > 0,x € R} solve

t px+/Bt
UG =1+ [ = U e,
0 Jx—+/Bt

3/8



Localization

t
e =1+ [ [ o= sutsn) asa).
0
@ Fix 8> 0. Let {UB)(r,x) : 1 > 0,x € R} solve
t px+/Bt
v =1+ [ [ =P ) s e,
0 Jx—+/Bt

@ Let U(P) (¢, x) be the n-th Picard-iteration approximation to U(®) (¢, x):

UBIED (x) = 14 fy [P s (e = )UB (s, 3) (ds dy),
UBD(r,x) = 1.
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Localization

t
e =1+ [ [ o= sutsn) asa).
0
@ Fix 8> 0. Let {UB)(r,x) : 1 > 0,x € R} solve
t px+/Bt
v =1+ [ [ =P ) s e,
0 Jx—+/Bt

@ Let U(P) (¢, x) be the n-th Picard-iteration approximation to U(®) (¢, x):

UBIED (x) = 14 fy [P s (e = )UB (s, 3) (ds dy),
UBD(r,x) = 1.

@ u(t,x) < UBo2BD (¢ x) when § is large. Fix t, 8 > 0. UB:[108 8] (¢ x) and U(B-1o8 8D (1 y) are

independent if |x — y| > /Bt log .
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Localization

t
e =1+ [ [ o= sutsn) asa).
0
@ Fix 8> 0. Let {UB)(r,x) : 1 > 0,x € R} solve
t px+/Bt
v =1+ [ [ =P ) s e,
0 Jx—+/Bt

@ Let U(P) (¢, x) be the n-th Picard-iteration approximation to U(®) (¢, x):

UBIED (x) = 14 fy [P s (e = )UB (s, 3) (ds dy),
UBD(r,x) = 1.

@ u(t,x) < UBo2BD (¢ x) when § is large. Fix t, 8 > 0. UB:[108 8] (¢ x) and U(B-1o8 8D (1 y) are
independent if |x — y| > /Bt log .
@ Chen-2016

maxg< <y logu(t,x) 3 /2t\'/?
lim == =—-| = , o as.
N—o00 (log N)2/3 4\3
One of the key ingredients is
t

. -3 my _ _°
mllﬁmoom log E[u(t,0)"] = 5
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Parabolic Anderson Model with narrow wedge initial data

{a,u(z %) = L02u(t,x) + u(t,x) E(t,x), 1>0,xER,
u(0,-) = do.
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Parabolic Anderson Model with narrow wedge initial data

Ou(t,x) = lafu(t,x)-i—u(t,x)f(t,x), t>0,x€eR,
u(0,-) = do.

@ Integral equation
1
) =2 + [ [ s = ate ) lasay),

LetU(t,x) = ':,(t(’x; Then

0 =14 [ [ oo (v=2) U6 asa.
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Parabolic Anderson Model with narrow wedge initial data

Ouu(t,x) = $0%u(t,x) +u(t,x) £(t,x), t>0,x€ER,
u(0,-) = do.

@ Integral equation
1
) =2 + [ [ s = ate ) lasay),

LetU(t,x) = ':,('(’)? Then

0 =14 [ [ oo (v=2) U6 asa.

@ Huang-Lé-2019 proved

y maxg<<y log U(t, x)
imsu ==
Nosor (log N)?/3

and they conjectured that

. maxo<x<ny log U(t,x) 3 (22‘)1/3
lim = - a.s.
N—oc0 (log N)2/3 4
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Theorem 1. (P.-2023+)

lim in
— 00

maxo<,<y log U(t, x)

(log N)2/3

2

1
4

(

t

2

)7 as
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Theorem 1. (P.-2023+)

limi

maX()SXgNlOgU(t,x) S 1 (£>1/3 s
=3z S.

@ Corwin-Ghosal-2020 give lower and upper bounds on the moments of U(z,0), which leads to

: -3 my _
mli}moom logE[U(1,0)"] = 4

@ Ganguly-Hegde-2022 estimate the upper tail probability, which leads to

. log P (log U(7,0) > 0) 4 /2
lim =——1/-.
6—+o0 63/2 3Vt
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Association

@ Chen-Khoshnevisan-Nualart-P.-2023: {U(t,x) : 1 > 0,x € R} is associated, i.e.,
Cov (F(U(t1,x1), .-, Ultn,%0)) , 8(U(t1,31), - .., Ultn ;%)) 2 0,

for all coordinatewise nondecreasing functions f, g : R* — R. (Esary-Proschan-Walkup-1967)

(FKG)
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Association

@ Chen-Khoshnevisan-Nualart-P.-2023: {U(t,x) : 1 > 0,x € R} is associated, i.e.,
Cov (F(U(t1,x1), .-, Ultn,%0)) , 8(U(t1,31), - .., Ultn ;%)) 2 0,

for all coordinatewise nondecreasing functions f, g : R* — R. (Esary-Proschan-Walkup-1967)

@ Using Clark-Ocone formua and Ito’s isometry

Cov (f(U(t1,x1), -+ Ultn,)) , g(U (15 x1), -+ Uty %))

(FKG)

,E{/ / B [Donf (Ut 1), -+, Ultn s ) IS E (DUt 1), -+, Ul 50))| 5] dvds
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Association

@ Chen-Khoshnevisan-Nualart-P.-2023: {U(t,x) : 1 > 0,x € R} is associated, i.e.,
Cov (F(U(t1,x1), .-, Ultn,%0)) , 8(U(t1,31), - .., Ultn ;%)) 2 0,

for all coordinatewise nondecreasing functions f, g : R* — R. (Esary-Proschan-Walkup-1967)

@ Using Clark-Ocone formua and Ito’s isometry

Cov (f(U(t1,x1), -+ Ultn,)) , g(U (15 x1), -+ Uty %))

(FKG)

- [/ / B [Donf (Ut 1), -+, Ultn s ) IS E (DUt 1), -+, Ul 50))| 5] dvds

n

E[ / / E[0f(U(t 1), -+, Ult,30))Ds y U, )| F3)
1

Jje=

E [aég(U(tl 7x1)a ey U(t'l ’xﬂ))va}'U(ZZ»XE)‘J:S]
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@ Lebowitz’s inequality (1972)

n
P{logU(t,x;) < aj,logU(t,x;) < az,...,logU(t,xn) < an} — HP{log U(t,x) < aj}
j=1

< Z (P{log U(t,xj) < aj,logU(t,x;) < ar} —P{log U(t,x;) < a;}P{log U(t,x) < ar})
1<j<k<n
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@ Lebowitz’s inequality (1972)

n
P{logU(t,x;) < aj,logU(t,x;) < az,...,logU(t,xn) < an} — HP{log U(t,x) < aj}
j=1

< Z (P{log U(t,xj) < aj,logU(t,x;) < ar} —P{log U(t,x;) < a;}P{log U(t,x) < ar})
1<j<k<n

@ log U(r,0) has a bounded and continuous probability density function by Malliavin calculus.
@ By an inequality by Bagai-Prakasa Rao-1991 for associated random variables with bounded pdf,

sup (P{logU(t,x) < a,logU(t,y) < b} —P{logU(r,x) < a}P{logU(r,y) < b})
a,beR

< K [Cov(log U(t,x) , log U(r,))]'/? .
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Lebowitz’s inequality (1972)

n
P{logU(t,x;) < aj,logU(t,x;) < az,...,logU(t,xn) < an} — HP{log U(t,x) < aj}
j=1

< Z (P{log U(t,xj) < aj,logU(t,x;) < ar} —P{log U(t,x;) < a;}P{log U(t,x) < ar})
1<j<k<n

log U(t, 0) has a bounded and continuous probability density function by Malliavin calculus.
By an inequality by Bagai-Prakasa Rao-1991 for associated random variables with bounded pdf,
sup (P{logU(t,x) < a,logU(t,y) < b} —P{logU(r,x) < a}P{logU(r,y) < b})
a,beR
< K [Cov(log U(t, ), log U(t,y))]'/* .

By Poincaré inequality,

t
Cov(log U1, %), log U(t, y)) < / / 1Dy log Ut , )12 |Dr.s log U, ) |dzdr
0 R

T
lx — vl

7/8



Lebowitz’s inequality (1972)

n
P{logU(t,x;) < aj,logU(t,x;) < az,...,logU(t,xn) < an} — HP{log U(t,x) < aj}
j=1

< Z (P{log U(t,xj) < aj,logU(t,x;) < ar} —P{log U(t,x;) < a;}P{log U(t,x) < ar})
1<j<k<n

log U(t, 0) has a bounded and continuous probability density function by Malliavin calculus.
By an inequality by Bagai-Prakasa Rao-1991 for associated random variables with bounded pdf,
sup (P{logU(t,x) < a,logU(t,y) < b} —P{logU(r,x) < a}P{logU(r,y) < b})
a,beR
< K [Cov(log U(t, ), log U(t,y))]'/* .

By Poincaré inequality,

t
Cov(log U1, %), log U(t, y)) < / / 1Dy log Ut , )12 |Dr.s log U, ) |dzdr
0 R

T
lx — vl

Remark: Cov(U(z,x),U(t,y)) < “—l”
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Proof of lower bound
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Proof of lower bound

Let 8 € (0, é\/g) Choose and fix a € (0, %) and € € (0, 1) such that 8 <

Letx; = jN/|[N“| forj=1,...,|N%|.

4
3

a

=

+6.
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Proof of lower bound

Let 8 € (0, é\/g) Choose and fix a € (0, %) and € € (0, 1) such that 8 < 4\/"7+6.
3Vt

Letx; = jN/|N“|forj=1,...,[N]. Then

< 230 < N < 2/3
P {OglxagNlog U(t,x) < (BlogN) } < P{lgr%aﬁslaj log U(t,x;) < (BlogN)

)
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Proof of lower bound

Let 8 € (0, é\/g) Choose and fix a € (0, %) and € € (0, 1) such that 3 < 4\/"7+6.
3Vt

Letx; = jN/|N“|forj=1,...,[N]. Then

< 230 < N < 2/3
P{Oglxaé)(Nlog U(t,x) < (BlogN) } < P{lgnéa[);m log U(t,x;) < (BlogN) }

V)
= . 23| _ 23
= P{lg%aﬁ” log U(t, %) < (BlogN) } ]1;[1 P{log U(t,x;) < (BlogR) }
231 V)
+ (1-P{logU(r,0) > (8108 M) })

~

1<j<k<|N|

v
< ¥ [cOv(logU(z,x,-),1ogU(z,xk))}1/3+(1_e—<%ﬂ+5>ﬁlogN)

4. /2
1 1ya—3(G/5+e)B
SN2a7§ +677N 3 t .
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Proof of lower bound

Let 8 € (0, é\/g) Choose and fix a € (0, %) and € € (0, 1) such that 3 < 4\/"7+€.
3Vt

Letx; = jN/|N“|forj=1,...,[N]. Then

< 230 < N < 2/3
P{O?Xaé)(Nlog U(t,x) < (BlogN) } < P{lgnéaﬁlﬂj log U(t,x;) < (BlogN) }

V]
= ) < 2/3 0 _ N < 2/3
P{lgn%at)}saj log U(t,x;) < (BlogN) } ]1;[1 P{logU(z,xj) < (BlogR) }

+ (1= P {105 U(1,0) > (8108 M)/ }) B

1/3 ~(4/2+e)8 108N e
S S cologUltn) dog UG + (1-e OV )
1<j<k< | N9 ]
< . ei%Nk%(\/?ﬁw.
Remark: by the ergodicity of {U(r, x) : x € R} (Chen-Khoshnevisan-Nualart-P.-2022), there exist finite
positive constants aj, ap such that a.s.

maxo<y<n log U(l s x) _

.. maxo<e<y log U(r,x) )
lim inf = «ap, limsup = .

N— o0 (logN)2/3 N—oo (IOgN)2/3
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